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Abstract. In this paper, we introduce new implicit and explicit iterative 
r^ , schemes which converge strongly to a unique solution of variational inequality 

problems for strongly accretive operators over a common fixed point set of 
finite family of nonexpansive mappings in g-uniformly smooth real Banach 
spaces. As an application, we introduce an iteration process which converges 
strongly to a solution of the variational inequality which is a common fixed 
^0^ 1 point of finite family of strictly pseudocontractive mappings. Our theorems 

pZ/* ' extend, generalize, improve and unify the corresponding results of Xu |48l and 

Yamada 50 and that of a host of other authors. Our corollaries and our 
(^ , method of proof arc of independent interest. 
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1. Introduction 

Let [E^ ||.||) be a real normed space. Let S := \x ^ E : ||x|| — 1}. The space E is 
said to have a Gateaux dijferentiable norm if the Umit 

a^ : li^ \\x+ty\\~\\x\\ 

O ; t^o t 

t^^ ' exists for each x,y G S. E is said to have a uniformly Gateaux differentiable norm 

^^ , if for each y £ S the hmit is attained uniformly for x £ S. The space E is said to 

be uniformly smooth if and only of for all e > 0, there exists S > such that for all 

x,y ^ E with ||a;|| = 1 and ||y|| < S, the inequality 
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C^ ' holds. It is well known that every uniformly smooth real Banach space is a reflex- 

ive real Banach space and has uniformly Gateaux differentiable norm (see e.g., |13]). 

Let _E be a real normed linear space with dimension, dim{E) > 2. The modulus of 
smoothness of E is the function ps '■ [0, oo) — )■ [0, oo) defined by 

\\x + y\\ + \\x-y\\ 



MO ^sup{ ii- + ^11 ; 11-^11 -1: INI ^i,yHt}. 
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2 E. U. OFOEDU 

In terms of the modulus of smoothness (see e.g. p^), the space E is caUed uni- 
formly smooth if and only if lim = 0. -E is called q-uniform,ly sm,ooth if and 

t-¥0+ t 

only if there exists a constant c > such that psit) ^ cf^, t > 0. It is easy to see 
that for 1 < q < +CX3, every g-uniformly smooth Banach space is uniformly smooth; 
and thus has a uniformly Gateaux differentiable norm. 

Let _E be a real normed linear space with dual E* . We denote by Jq the generalized 
duality mapping from E to 2^ defined by 

JqX:={reE*:{x,n = \\xr,\\r\\ = 11x11"-'}, 

where (., .) denotes the generalized duality pairing between members of E and mem- 
bers of E* . For q — 2, the mapping J — J2 from E to 2^ is called the normalized 
duality mapping. It is well known that if E is uniformly smooth or E* is strictly 
convex, then duality mapping is single-valued; and if E has a uniformly Gateaux 
differentiable norm then the duality mapping is norm-to-weak* uniformly continu- 
ous on bounded subsets oi E. li E ~ H is a Hilbert space then the duality mapping 
becomes the identity map of H (see e.g., |13[I52) ). In the sequel, we shall denote the 
single- valued generalized duality mapping by jq and the single valued normalized 
duality mapping by j. 

A real normed space E with strictly convex dual is said to have a weakly sequentially 
continuous generalized duality mapping jq if and only if for each sequence {xn}n>i 
in X such that {a;„}„>i converges weakly to a;* in X, we have that {jq{xn)}n>i 
converges in the weak* topology to jq{x*). A real Banach space E is said to satisfy 
Opial's condition if for any sequence {a;„}„>i in E such that {a:;„}„>i converges 
weakly to x* in E, we have that 

lim sup \\xn — x*\\ < lim sup ||a::„ — y\\ 

for all y ^ E, y ^ x* . By Theorem 1 of Gossez and Lami Dozo [T7], it is known 
that if E admits weakly sequentially continuous duality mapping, then E satisfies 
Opial's condition (see [TJ for more details). Aside from Hilbert spaces, it was noted 
in [5] that the most significant class of Banach spaces having a weakly sequentially 
continuous generalized duality mapping are the sequence spaces iq for \ < q < -\-oo 
(see [6] and [7], where it is also shown that -^^(IR.) has no weakly sequentially con- 
tinuous duality mapping for (7 7^ 2). 

A mapping f : E ^ E is said to be a strict contraction or simply a contraction if 
and only if there exists 70 G [0, 1) such that for all x,y ^ E, 

\\f{x)-f{y)\\<io\\x~y\\. 
A mapping T : E ^ E is called nonexpansive if and only if for all x,y E E, 

\\Tx-Ty\\<\\x-y\\. 

A point X £ E is called a fixed point of an operator T if and only if Tx = x. The 
set of fixed points of an operator T is denoted by F{T), that is, F{T) :— {x £ E : 
Tx = x}. 
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A mapping A : E ^ E is said to be accretive if and if for all x,y ^ E there exists 
jq{x — y) E Jq{x — y) such that 



(^Ax-Ay,]q{x-y)^ > 0. 



The operator A: E ^ E is said to be i]j -uniformly accretive if there exists a strictly 
increasing continuous function ip : [0, +00) — > [0, +cxd) with ■tp{Q) = such that for 
all x,y £ E, there exists jq{x — y) £ Jq{x — y) such that 



(^Ax - Ayjq{x - y)j > ^p{\\x - y\\). 



A : E -^ E is called strongly accretive if and only if there exists a constant rj > 
and for all x,y £ E there exist jq{x — y) £ Jq{x — y) such that 



{Ax - Ay,jq{x - y)j > -qWx - y\'' 



It is easy to see that every strongly accretive mapping is i/j-uniformly accretive with 
■0(r) = r]T'i y T £ [0, +cxd). When E = H is a Hilbert space, accretive, V'- uniformly 
accretive, strongly accretive mappings coincide with monotone, ip-uniformly mono- 
tone, strongly monotone mappings, respectively. 

A bounded linear operator A : H ^>- H is called a strongly positive operator if and 
only if there exist a constant fc > such that for all x £ H, 

'Ax,x\ > k\\xf. 

Thus, every strongly positive bounded linear operator on H is strongly monotone. 

Iterative approximation of fixed points and zeros of nonlinear operators has been 
studied extensively by many authors to solve nonlinear operator equations as well 
as variational inequality problems (see e.g., [20], [25] -[31], [35] -[41], [Ml [15]). In 
particular, iterative approximation of fixed points of nonexpansive mappings is an 
important subject in nonlinear operator theory and its applications in image re- 
covery and signal processing is well known (see e.g., [HJ [Ml ISI] ) ■ Most published 
results on nonexpansive mappings centered on the iterative approximation of fixed 
points of the nonexpansive mappings or approximation of a common fixed points 
of a given family of nonexpansive mappings. 

Iterative methods for nonexpansive mappings are now also applicable in solving 
convex minimization problems (see, for example, [48] and references therein). Let 
H he a, real Hilbert space with inner product (.,.). Let C be a closed convex 
nonempty subset of if , let T : C — >■ C be a nonexpansive mapping such that 
F{T) ^ 0. Given u G C and a real sequence {a„}„>i in the interval (0, 1), starting 
with an arbitrary initial xq G C, let a sequence {x„}„>i be defined by 

(1.1) a;„+i = an+iu + (1 - Q;„+i)Ta;„, n > 0. 

Under appropriate conditions on the iterative parameter {an}n>i, it has been 
shown by Halpern [18], Lions [23], Wittmann [44, and Bauschke [2] that {xn}n>o 
converges strongly to Pp{T)U, the projection of u to the fixed point set, F{T) of T. 
This means that the limit of the sequence {a;,j,}n>o solves the following minimization 
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problem: 



find X* G F(T) such that llx* — ull — min llx ■ 

xeF{T) 



H. K. Xu |48j studied the following quadratic minimization problem: find x* G F{T) 
such that 

(1.2) \{a^*^-*) - (-%«) = min^^{l{Ax^x) - {x,u)), 

where u £ H is fixed and A : H ^f H a, bounded linear strongly positive operator. 
Let Ci, C2, ..., Cn be N closed convex subsets of a real Hilbert space H having a 
nonempty intersection C . Suppose also that each Ci is a fixed point set of nonex- 
pansive mappings Tj : H ^ H,i — 1,2, ...,N, Xu [IS] proved strong convergence of 
the iterative algorithm 

(1.3) xq g H, a;„+i = (/ - an+iA)Tn+iXn + a„+iu, n > 

(where T„ = Tn mod 7V and the mod function takes values in {1, 2, ...,iV}) to a 



min [ -(Ax,x) ~ h(c)] , 



unique solution of the quadratic minimization problem (11.21) . 

Marino and Xu 26J, proved that the iteration scheme given by 

(1.4) xo e H, a;„+i = a„7/(a;„) + (/ - a„^)rx„, n > 
converges strongly to a unique solution x' G ^(r) of the variational inequality 

(1.5) (^{jf-A)x',y-x')<OyyeF{T), 
which is the optimality condition for the minimization problem 

c 

where h is a potential function for 7/ (that is, h'{x) = ^f{x) for all x G H); pro- 
vided f : H ^f H is 'A contraction, T : H ^^ H is nonexpansive and the iterative 
parameter {a„}„>o satisfies appropriate conditions. 

In [50] ■ Yamada introduced the following hybrid iterative method 

(1.6) Xq G H, Xn+l = TXn - flXnA{TXn), n>0, 

where T is nonexpansive, A is L-Lipschitzian and strongly monotone operator with 
constant 77 > and < /i < j^. He proved that if {A„}„>i satisfy appropriate 
conditions, then ()1.6p converges strongly to a unique solution x' G F{T) of the 
varational inequality 

'Ax',y-x')> OVy gF(T). 



Recently, M. Tian [43 introduced the following iterative method: 

(1.7) Xq G H, x„+i = a„7/(x„) + (/ - fianA)Txn, n>0. 

Tian [43] proved that if / : i/ ^ i/ is a contraction, A : H ^ H is an rj- 
strongly monotone mapping, T : H ^ H a nonexpansive mapping and the parame- 
ter {ck„}n>i satisfies appropriate conditions, then the sequence {a:;n}n>i converges 
strongly to a unique solution x' G F{T) of the variational inequality 



((7/ - M)x', y - .t') < V 2/ G F{T). 
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In this paper, motivated by the results of the authors mentioned above, it is 
our aim to introduce new imphcit and explicit iterative schemes which converge 
strongly to a unique solution of variational inequality problem over a common 
fixed point set of finite family of nonexpansive mappings in g-uniformly smooth 
real Banach spaces. As an application, we introduce an iteration process which 
converges storngly to a solution of the variational inequality which is a common 
fixed point of family of strictly pseudocontractive mappings. Our theorems extend, 
generalize, improve and unify the corresponding results of Xu [JS] and Yamada [SD] 
and that of a host of other authors. Our corollaries and our method of proof are of 
independent interest. 

2. Preliminary 

Let /i be a bounded linear functional defined on loo satisfying ||/i|| = 1 = /i(l). It 
is known that /i is a mean on N if and only if 

inf{a„ : n e N} < //(a„) < sup{a„ : n G N} 

for every a — (01,02,03,...) G ioo- In the sequel, we shall use ^n{o,n) instead of 
/i(o). A mean /i on N is called a Banach limit if finicin) = fJ'n{o-n+i) for every 
o — (oi, 02, 03, ...) G ioo- It is well known that if /Lt is a Banach limit, then 

liminf o„ < finO-n £ limsupo„ 

for all o = (oi, 02, 03, ...) G £oo- Furthermore, if o = (oi, 02, ...), b — (61, 62, ■••) G ^00 
and lim o„ — a* ( lim (o„ — 6„) = 0), then iinio^n) — o* ( repectively, ^n{o-n) — 

n— >oo \n— >-oo / V 

Ain(^i), 



In what follows, we shall make use of the following Lemmas: 

Lemma 2.1. Let E be a real normed linear space, then for \ < q < +cxd, the 
following inequality holds: 

\\x + yW < llxf + q{y,jq{x + y))\fx,yeE,\/ j,(x + y) G Jjx + y). 

Lemma 2.2. (See e.g., [4l I46[ l48] ) Let {A„}„>i be a sequence of nonnegative real 
numbers satisfying the condition 

A„+i < (1 - a«)A„ + cr„, n > 0, 

where {an}n>o o,''^dL {cr„}„>o are sequences of real numbers such that {a„}n>i C 

00 

[0,1], > a„ = +00. Suppose that cr„ = o{an)^ n > Q (i.e., lim — ^ = Q) or 



n->-oo ar, 
n— >C30 Qiy; 



E|tT„| < +CXD or lim sup —^ < 0, then A„ -^ as n —> cxd. 



Lemma 2.3. (Compare with Lemma 3 pg. 257 of Bruck [llj ) Let C be a nonempty 

closed and convex subset of a real strictly convex Banach space E. Let {Ti\i>i be a 

00 
sequence of nonself nonexpansive mappings Ti : C ^ E such that _F := p| F{Ti) 7^ 

i=l 
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oo 



0. Let {(Ji\ C (0, 1) he such that y at = 1. Then the mapping T := 2^ cfiTi : C -^ 

i=l i=l 

oo 

E is well defined, nonexpansive and F{T) = \\F{Ti). 

i=l 

Lemma 2.4. (See 53 , p. 202 Lemma 3). Let E be a strictly convex Banach space 
and C he a closed convex suhset of E. Let Ti, T2,...,Tr be nonexpansive map- 
pings of C into itself such that the set of common fixed points of Ti, T2,...,Tr is 
nonempty. Let Si, S2,---,Sr be mappings of C into itself given by Si = {l—"fi)L+"fiTi 
for any < ji < I, i — 1,2, ...,r, where L denotes the identity mapping on C. 

r r r 

Then Si, S2,---,Sr satisfies the following: f]F{Si) = f]F{Ti) and f]F(Si) — 

2—1 i— 1 i—1 

F[SrSr — l---Si) = F[SiSr—l---S2) = •■• = F[Sr—l---SiSr)- 

Lemma 2.5. (See e.g. (47j J Let E be a q-uniformly smooth real Banach space for 
some 9 > 1, then there exists some positive constant dq such that 

(2.1) \\x + vr < \\xr + q{y,h{^)) + dqhr \fx,yeE,\f jq{x) G ^x). 

If E is Lq (or iq) space, the constant dq in (|2.ip has been calculated. This is shown 
in the following lemma. 

Lemma 2.6. (See e.g. [21 J Let E be Lq (or £q) space (1 < q < +ooj and x,y € E, 

(1) ifl<q< 2, then 

\\x + yr < lla^r + q{y,.]gi^)) + dqhr ^ x,y e E, y j,(x) £ Jq{x), 

where dq = ,.,, ^^-i , and bq is the unique solution of the equation 
{q - 2)6'?-! + {q~ 1)69-2 _ 1 = 0, < 6 < 1. 

(2) if2<q< +00, then 

\\x + yf < \\x\\^ + 2{y,j{x)) + {q - l)||yf ^ x,y e E, W j{x) e J{x). 

Lemma 2.7. (Lemma 2.2 of [45], p. I4II) Let C he a closed convex nonempty 
suhset of a reflexive Banach space which satisfies Opial's condition and suppose 
T : C -^ E is nonexpansive, then the mapping L — T is demiclosed at zero, that is 
is {xn}n>i 'is a sequence in C such that a;„ -^ x* and x„ — Tx„ -^ as n -^ 00, 
then X* — Tx* 

3. Main results. 

Lemma 3.1. Let E he a real normed space. Let A : E ^ E he a strongly accretive 
mapping with a constant rj > Q. Let A > 0, then the mapping \A : E ^ E is 
strongly accretive. 

proof. Observe that 

(XAx - \Ay,jq{x - y)j = x(^Ax - Ay,jq{x - y)j 
(3.1) >Ar;||a;-y||'. 

This completes the proof. D 
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Lemma 3.2. Let E be a real normed space. Let A : E ^ E he a strongly accretive 
mapping with a constant rj > Q. Let T : E ^ E be a nonexpansive mapping such 
that F{T) 7^ 0, A > and u ^ E be a fixed vector. Suppose that the solution 

x' € F{T) of the variational inequality (u — XAx',jq(p — x')) < V p G F{T) 

exists, then x' is unique. 

Proof. Suppose for contradiction that the variational inequahty has two solutions 
in F{T), say x' ^ j/', then we have, in particular, that 



(|u-AAa;',jg(y'-x')) 



<0 



and 



-(^u~XAy',jg{y'-x'))<0. 
Thus, adding these two inequalities and using (|3.1|) . we obtain that 
XvW ~ ^'V < (AAy' - XAx',jg{y' - x')) < 0, 

a contradiction. Hence, the variational inequality has a unique solution, provided 
the solution exists. This completes the proof. □ 

Let 1 < q < +00 and let _E be a g-uniformly smooth real Banach space. Let 
A : E '^ E he an L-Lipschitzian strongly accretive mapping with a constant ry > 0. 
Let T : E —>■ E a nonexpansive mapping. Then for the map (/ — t\A)T : E -^ E 
(where / is the identity map oi K, \ > Q and t G (0, 1)), we obtain using Lemma 
that 



\\{I-t\A)Tx-{L -t\A)Ty\\'i = \\Tx -Ty -t\{ATx - ATy)\\'^ 

< \\Tx- Ty\\i - qtX{ATx - ATy,j,{Tx - Ty)) 
+dq{t\Y\\ATx - ATyW^ 

< WTx-TyW" -qtr]X\\Tx~Ty\\'' 
+dg{tLXy'\\Tx~Ty\\'i 

< {l-t\iqrj-d,L'^X'^~'))\\Tx-Tyr 

So that if A is such that < A < ( jjj- j , we have that 

< 1 - tX{qr] - dyLn"^-^) < 1 
and since T is a nonexpansive mapping of E into E and 1 < g < +oo, we obtain 



Wil - tXA)Tx - {I - tXA)Ty\\ < (l - <A(gr/ - dgL^A'?-^)! ' ||Ta; - TyU 
(3.2) < (l-tX{qv-dgL''X''-')Y\\x-y\\. 



Lemma 3.3. Let E be a q-uniformly smooth real Banach space. Let A : E ^f E 
be an L-Lipschitzian strongly accretive mapping with a constant rj > 0. Let T : 
E ^ E be a nonexpansive mapping such that F{T) ^ 0. Let u ^ E be fixed, 
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< A < I jj^ ) and i G f 0, niin-^ 1, , x^J (lx)i ( ) ' ^^6*^ there exists a unique 

Zt (z E such that 

(3.3) zt=tu+{I ~tXA)Tzt. 

Proof. For each t G fO,minJl, ,x-d(LX)i \)^ define St : E ^>- E hy Stx — 
tu+(I- tXA)Tx for all x e E. Then, 

\\Stx-Sty\\ = \\{I-tXA)Tx~{I~tXA)Ty\\ 

< {l-tX{qTj-d,iLrX'i-'))^\\x-y\\ 

Thus, for all t G f 0, niin<^ 1, — ,-^ (lx)'' ( I ' ^^ have that St is a strict contraction 
on E. Hence, there exists a unique Zt ^ E which satisfies (|3.3p . This completes the 
proof. D 

Lemma 3.4. Let E, A, u (L E and T he as in Lemma [S.3[ Let {zt} satisfy p.3p . 
then 

(1) The mapping from I 0, min-^ 1, j^-d (L\)i () ^^o E given by t ^^ Zt is con- 
tinuous. 

(2) {zt} is bounded; 

(3) limWzt-TztW^O; 

Proof. 

(1) Let io £ (0,min-^ 1, , ^-d (l\)i i ) ^'^ arbitrary. It is enough to show that 

the mapping from ( 0,min-^ 1, — ^_^ (l\)i f ) to _E given by i n> zj is con- 
tinuous at to . Now, for some constant A/i > and using Lemma 12.11 we 
have that 

\\zt - Zt, r = ll(i - to)u -{t^ to)XATzt + (/ - toXA)Tzt -{I- toXA)Tzt, ||« 
< \\{I-toXA)Tzt-{I-toXA)Tzt,r 

+q({t - to)u - (t - to)XATzt,jq{zt - zt„)) 

(3.4) < {l-to{qr^X-d,{LX)''))\\zt-ztJ'' + \t~tom\\zt-zt„r-\ 

Thus, we obtain from (13.41) that 

Ml 



\\zt-ztj< 



toiqrjX - dgiLX)") 
and the result follows. 



t-to 



(2) Let p G F{T). li Zt ^ p for aU t G (O, mini 1, ^x-diLX)" f ) ' ^^^"^ "^^ ^^^ 
done. Otherwise, let t* G (0,minj 1, — ^_J ,^^x, >] be such that zt ^ p 
V t G (0,r]; then using ([22]), dXg and Lemma O we have that V t G 
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(o,r], 

Wzt-P^ = \\iI-tXA)Tzt-{I-XA)p + tiu-XApW 

< (l - tiqrjX - d,{LXr)y\zt - pr 
+qt{ti-XAp,jq{zt -pYj 

< {l-tiqrjX-d,{LXr))\\zt-p\\'^ 

(3.5) +qt\\u - XAp\\.\\zt - p\r^ 
Thus, we obtain from p.Sp that 

(3.6) \\zt - p\\ <{l- tiqr^X - dgiLX)")) ||z, - p|| + qt\\u - XAp\\. 

Inequahty p.6p therefore gives 

II II , q\\u-nAp\\ 

"^*-^"- ,.A-d,(LA). - 
Hence, the path {zt} is bounded; and so is {ATzt}. 

(3) Therefore, using p.3p . we have that for some constant Mq > 0, 

\\zt - Tzf II < t\\u - XATzt\ < tMo ^ as i ^ 0. 

This completes the proof. D 

Theorem 3.5. Let E, A, u (z E and T he as in Lemma \3. 'A Let {zt] satisfy 
p.3p . then {zt\ converges strongly to some x' G F{T) which is a solution of the 
variational inequality 

(3.7) (u~-XAx',j{p-x')\ <0\fpeF{T). 

Proof. By Lemma [3. 2 [ if solution of p.7p exists in F{T), then it is unique. Let 
p G F{T), then using p.3p . we have that 

(3.8) zt-p^t{u- XAp) +{I - tXA)Tzt - (/ - tXA)p. 
Thus, using dS^]), ^^ and Lemma O 

Wzt-pf = \\{L-tXA)Tzt~{I~tXA)p\\'' 
+qt(u- XAp,jq{zt -pYj 

< {l~t{qrjX-d,{XLy)\\zt-pr 

(3.9) +qt(^u-XAp,jg{zt~p)y 
So, p.9p implies that 

(3.10) ii^-^r^^^i3^(--^^^'^.^--^)>- 

From Lemma f3.4l we know that {zt} is bounded. Let {tn}n>i in I 0, min-^ 1, j^_^ (l\)i f ) 
be such that lini t„ = and set z„ — zt^. Then, defining ^ : _E — > K U {+00} by 
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^(a;) — ^n\\zn — xW^ for all x Cz E, where /i„ is a Banach limit on ^oo, we have that 
^ is continuous, convex and lini ^(x) = +00. Thus, setting 

||a:||— >+oo 



K = \y e E : 'ii{y) = niin vlf(a;)|. 



then if is bounded closed convex and nonempty subset of E and since by Lemma 
I3.4[ lim ||z„— Tz„|| = 0, we obtain using Lemma [2J] that for some constant Q* > 

and for all y & K, 

*(Ty) ^ ^nWzn-TyW^ ^ fJ.n\\TZn-Ty + Zn-TZnW' 

< fi,J\\TZn -TyW^ + q(zn ~TZn,jq{Zn - Ty)\] 

< /i„(||T2„ - Tj/ll" + ||z„ - rz„||Q*) 

(3.11) < fin\\Zn-y\\''+fln\\Zn-TZn\\Q*^fln\\Zn-y\\'' = -^{y)- 

Thus, T{K) C K] that is, K is invariant under T . Since E is uniformly smooth 
real Banach space and thus every bounded closed convex nonempty subset of E has 
the fixed point property for nonexpansive mappings, then there exists x' ^ K such 
that Tx' = x' . Since x' is also a minimizer of /i over E, it follows that for arbitrary 
a; e i; and for aU ^ G (0, 1), *(j:') < ^{x' + e,{x - x')). Lemma O gives 

(3.12) ||z„ -x' ~ i{x - x'W < \\zn - x'W^ - q^(^x ~ x', j,(z„ ~x' ~ iix - x'))). 
Inequality p. 121) implies that 

(3.13) lln(x~x' ,jq{zn - x' - ^(x - x'))\ < 0. 

Furthermore, since E is uniformly smooth, the generalized duality mapping jq is 
norm-to-norm uniformly continuous on bounded subsets of E; and hence 

liinUx-x',jq{Zn - x')\ - Ix ~ x',jq[zn ~ x' - ^^(x - x'))\\ = 0. 

So, for all e > 0, there exists (5^ > such that for all ^ e (0, i^) and for all n e N, 
we have that 

(X - x',jq{Zn - x')j ^ (x - X,jq{zn - X - ^(x - x'))\ < €. 

This implies that for all ^ e (0, <5c), 

^iriix - x' ,jq{Zn - x' )\ < e + ^ln(x - x' , jq{zn - x' - £,{x - x'))) < 6 

and since e > is arbitrary, we obtain that 

flnlx - x' ,jq{Zn - x')\ < V X E E . 

Hence, we have in particular, that for the fixed u E E and 2x' — XAx' G E 

(3.14) t^n(u-x',jq{z„-x')) <0 
and 

(3.15) /^„<^(2a;' - XAx') - x',jq{zn - x')) = t^n(^x' - XAx',jq{zn - x')^ < 0. 
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Moreover, since {in}n>i is in f 0,niin-^ 1, )^_J iLx)q \ ) and x' £ F{T), we obtain 
from (I5TII)) that 

1 



^n X 



'||9 < 



\Ax' ,iq{Zn - x')\ 



qr]X~dq{\L)i 

(3.16) = —\lu-x',jq{Zn-x')\ + (x'-XAx',jq{Zn~x')\Y 

where lo ~ qrjX — dq{XL)'^. So, from (|3.16p (using (|3.14p . (13.151) and the hnearity of 
Banach hniit) we obtain that 

finWZn-x'W^ < —fIrJu-x',jq{Zn-x')) + 

(3.17) +-^J-n{x' - XAx',Jq{Zn - x')) < 0. 

So, fj.n\\zn ~ x'W^ = and this imphes that there exists a subsequence {zni}i>i of 
{zn}n>i such that Zn^ -^ x' as i ^)- oo. 

We now show that x' is a sohition of the variational inequality (|3.7p . From (|3.3I) . 
we obtain that 

Zn, ^tn^U+ {I ~ tn.XA)TZni. 

This gives 

(3.18) XAzn^ -u= - — (z„, - TZn.) + X{Azn, - ATXn.). 
Thus, for all p G F{T), we obtain from (|XTS)) that 

( Aylz„, -M,jg(z„^ -p)\ = - — lz,i^-TZn^,jq{Zn^-p)) 

\ I tjn \ I 

(3.19) +A^Az„^ - ATa;„,,jg(z„, -p)^ 
Since T is nonexpansive, we have that (/ — T) is accretive. Thus, 

l^Zn- -TZn,,jqiZn^ - p)J ^ {{I - T)Zn^ - {I - T)p, jq{Zn^ ~ p)J > 0. 

So, ([XTO|) gives 

(3.20) lXAZni-U,jq{Zn,-p)) < XlAZn^-ATXni,jq{Zni-p)) 

Using p.20p . we obtain (for some constant M2 > 0) that 

lXAx'-U,jq{x'-p)\ = lXAZn,~U,jq{Zn^-p)\ 

-IXAZn^ - XAx',jq{Zn^ -p)\ 

+ (^U- XAx',jq{Zn^ -p) -jq{x' - p)j 

< A'hiWAzn^ - ATzn^W + ||AAz„. - XAx'W 

(3.21) +\\jq{z„^ - p) - Jq{x' - p)\\y 
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Hence, since A, T are continuous, Zn. — !■ x' e F{T) as i — > cxd and the generalized 
duality mapping is norm-to-norm uniformly continuous on bounded subsets of E 
(and thus norm-to-norm continuous on bounded subsets of E), we obtain from 
(|33T1) that (as i -^ oo) 

IxAx -u,jq{x -p)\ <OypeF{T). 

So, x' € F{T) is a solution ([3J| . 



Finally, we show that {zn\n>i converges to x' . Suppose that there is another sub- 
sequence {zni}i>i of {zn\n>i such that z^ ^ z' £ E a.s I ^ oo. Then by serial 
number (2) of Lemma 13. 4[ we have that z' G FiT). Similar argument (from p.lSp 
to (|3.21l) with Zm replaced by z„, ) shows that 

XAz' -u,jg{z' -p)'^ <OypeF{T). 

Uniqueness of solution of p.7p shows that x' = z' . Hence, Zn = Zt^ — >■ x' and 
n — > oo. Consequently, we obtain that the path {zt} given by (13.31) converges 
strongly (as i — > 0) to unique x' € F{T) which solves the variational inequality 
p.7p . This completes the proof. □ 



Remark 3.6. One may worry about how lim zt = x . Actually, this follows from the 

fact that for any sequence {im}m>i in I 0, min-^ 1, , _^^ (l\)i f ) such that tm -^ 
as ?7i — !> oo, the argument of the proof of Theorem 13.51 shows that {2t„, }m>i = 
{zm}m>i converges to x* G F{T) which solves the variational inequality p.7|) and 
since solution of (13. 7|) is unique, then x* = x' . Thus, the path {zf} has a unique 
accumulation point as i — > 0. 

The following corollaries follow from our discussion so far. 

Corollary 3.7. Let E he a real Lp or (ip) space. Let A and T he as in Lemma 
and {zt} satisfy p.3p . then we ohtain the same conclusion as in Theorem \3.5[ 



Remark 3.8. Since every Hilbert space is a 2-uniformly smooth Banach space, it 
follows from Lemma 12.61 that if _E = _ff is a Hilbert space, then dq = d2 — 1. 
Furthermore, we recall that in a Hilbert space 7J, the duality mapping coincide 
with the identity mapping on H. Thus, we have the following corollary. 

Corollary 3.9. Let H he a real Hilhert space, T : H ^ H a nonexpansive mapping 
such that F{T) =/= and A : H ^ H he an L-Lipschitzian strongly accretive mapping 
with a constant rj > 0. Let u £ H he fixed. Suppose that < A < -p- and 

t G I 0, miu'l 1, „ \_Q r-)2 f ) ; then there exists a unique Zf E H satisfying p.3p . 
Moreover, {zt} converges strongly (as t ^ 0) to a unique solution x' G -F(T') of the 
variational inequality (u — XAx',p — x') < OVpG F{T). 



Corollary 3.10. Let E be a .strictly convex q-uniformly .smooth real Banach .space, 
let A : E ^ E he an L-Lipschitzian strongly accretive mapping with a constant 
rj > 0. Let Ti : E -^ E,i — 1,2, ... be a countable family of nonexpansive mappings 

oo 
oo 

such that F :~ p| i^(Tj) ^ 0. Let T := 2^,'^iTi, where {cri}i>i C (0,1) is such 
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that y (Ti = 1. Let u ^ E be fixed. Suppose that the conditions of Lemma \3.3\ 

1=1 
are satisfied, then there exist a unique Zt £ E satisfying Zt — tu + {I — tXA)Tzt. 
Moreover, {zt} converges strongly (as t ^)- 0) to a unique solution x' £ F{T) of the 

variational inequality ({u — XAx' ,j{p — x')) <OVpeF. 

CO 

Proof. By Lemma [231 T :— \J aiTi is well defined, nonexpansive and F{T) ~ F. 

i=l 

The rest follows as in the proof of Theorem 13.51 □ 



Corollary 3.11. Let E he a strictly convex q-uniformly smooth real Banach space, 
let A : E ^ E he an L-Lipschitzian strongly accretive mapping with a constant 
r] > 0. Let Ti : E -^ E,i = 1,2, ..., m he a finite family of nonexpansive mappings 

such that F := ClFiT,) ^ 0. Let T := ^J^^*^*' ^^^'^'^ {<^^}1U ^ (0-1) «« such 

m 

that 2_,^i ~ 1- ^^^ u £ E he fixed. Suppose that the conditions of Lemma \3.!^ 

i=l 

are satisfied, then there exist a unique Zt £ E satisfying Zt = tu + {I — tXA)Tzt. 
Moreover, {zf} converges strongly to a unique solution x' S F{T) of the variational 

inequality (u — XAx' , j{p — x') ) < 0\/ p G F. 

4. Strong convergence of explicit iteration scheme for finite family 

OF nonexpansive mappings. 

In the sequel, we shall assume that < A < ( j^jj- j" , a„ G ( 0, minJ 1, , ^-d^ iLX)i \ ) 

oo 

V n G N, lini a„ = 0, / an — oo and lim " — <;=> lim — — = 1. 

n-i-oo ^-^ n-i-oo ttn+r n^oo Un+r 

Theorem 4.1. Let E be a q-uniformly smooth real Banach space which admits 
weakly sequentially continuous generalized duality mapping, let A : E -^ E he an L- 
Lipschitzian strongly accretive mapping with a constant r/ > 0. Let T^: E ^ E,i — 

r 

1, 2, ..., r he a finite family of nonexpansive mappings such that J7 ;= p| F{Ti) ^ 0. 

1=1 
Let u E E he fixed and {a;„}„>i he a sequence in E generated iteratively hy 

(4.1) xo e E, Xn+i = an+iu + (/ - a,i+iXA)Tn+iXn, n>0, 

where T„ ~ Tn mod r o,nd mod function takes values in {1, 2, ..., r}. Suppose that Vt — 
F{TrTr-i...Ti) = F{TiTj._i...T2) = ... = F(Tr-i...TiTr), then, {a;„}„>o converges 
strongly to a solution of the variational inequality 

(4.2) (u-XAx',jq{p-x')\ <Q\IpC,VL. 



Proof. Since the mapping G — TiT2...Tr : E —^ E is nonexpansive, then following 
the method of proof of Theorem l3.51 we have that for all i G (0, min-^ 1 , — ^_J ,^^.g \ j , 
there exists unique Zt £ E which satisfies Zt — tu + [I — tXA)Gzt, moreover, [zt] 
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converges to a unique solution x' E F{G) = fl oi ()4.2|) . We now show that the ex- 
pHcit scheme (|4.ip converges strongly to x' . We start by showing first that {a;„}„>o 
is bounded. Now, let p G 17 and set 



„ q\\u-XAp\\ 
r := max-^ " 



/,, II q\\u-\Ap\\ \ 



qr]\-dq{L\Y. 
We show by induction that 

(4.3) ||a;„-p|l < rVn> 0. 

Observe that for n = (|4.3p clearly holds. Assume for n > that (|4.3p is true. We 
show that (|4.3p is also true for n + 1. Suppose for contradiction that this does not 
hold, then 

\\Xn+l "PW > r> \\x„ -p\\. 
Thus, using (13. 2|) . (14. 1|) and Lemma [2?T| we obtain that 

||a;„+i -pII' = \\an+iu + {I - an+iXA)Tn+iXn - pW^ 

= II (/ - an+lXA)Tn+lXn 

-{I - an+i\A)p + an+i{u - AAp)||« 

< II (/ - a„+i AA)r„+ia;„ - (/ - a„+i A^)p||« 

< (l - a„+i((7r;A - d,(LA)«)) ||x„ - pf 
+9a„+i||u - AAp||.||a:;„+i - pW^^^ 

< (l - an+iiqri>^ - dg{LXy)j\\xn+i -pf 

(4.4) +ga„+i||u-AAp||.||a;„+i-p||«-^ 
Inequality (|4.4p implies that 

q\\u~XAp\\ 



lF«+l -P\\ < 



qTjX-dg{LX)l' 



a contradiction. Hence, the sequence {xn}n>i is bounded. Consequently, 
{Tn+iXn}n>i and {^T'„_|-ix„}„>i are also both bounded. 



Furthermore, using (|4.ip . 

Xn+r - Xn = (ctn+r " "n)"" + i^ ^ an+rXA)Tn+rXn+r-l - {I ^ "n+r AA)T„a;„_i 
(4.5) -{an+r- - an)XATnXn~l. 

Thus, using the fact that Tn+r = Tn, we obtain from (|4.5p using Lemma 12.11 that 
for some constant Afs > 0, 

Wxn+r-XnW^ < M - a„+i (gr^A - d, (LA)') j ||a;„+r-i " a^n-i T 

an I Mr 



h - an+r{qriX - dq{LXY)\\\Xn+r^l ~ Xn-lW^ 



(4.6) +M5a„+,.. 



a. 



n+r 
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So, using (|4.6|) . we obtain from Lemma [2?2] that 

(4.7) lim \\Xn+r - Xn\\ = 

n— >oo 

Furthermore, from the recursion formula (|4.ip and for some constant Mq > 0, we 
obtain 

||a;„+i - r„+ia;„|| = a„+i||M - AAT„+ix„|| < an+iMg. 
Thus, 



hm ||a;„+i - r„+ia;„l| = 0. 

n— >oo 

Similar argument shows that 

(4.8) Xn+r — Tn+rXn+r-1 — i> aS n ^> OO. 

Thus, we obtain using (|4.8|) and the fact that r„ is nonexpansive that 

Xn-\-r — -^ n-\-r-^n-\-r—l ^ U '^jS Tl — ^ OO 

Tn+rXn+r-1 ^ Tn+rTn+r-lXn+r-2 — t" aS n ^> CxD 

Tn+rTn+r-lXn+r-2 ^ Tn+rTn+r-lTn+r-2Xn+r-3 — > aS n — > OO 

Tn+r---Tn+2Xn+l - Tn+r---Tn+2Tn+lXn -J> aS n -S> 00. 

Adding up these yields 

(4.9) Xn+r - Tn+r---Tn+2Tn+lXn -^ SiS n ^ OO. 

But, 

W-^n -^ n-\-r ' 71+2-^ n+l-^n || _^ \\^n -^n+Tll 

(4.10) +||a;„+r - Tn+r—Tn+2Tn+lXn\\ 

Thus, using (jij]) . (J49| and (J4?T0|) . we get that 

(4.11) lim ||a;„ -r„+r...T'„+2r„+ia;„|| = 0. 

Next, we show that 

limsup(^M — XAx' ,jq{Xn ~ x')) < 0. 

Let {xn^}k>i be a subsequence of {a;„}„>i such that 

limsup(M — XAx' ,jq{xn — x')) = lim (u — XAx' ,iq{xn^ — a;')). 

Since {xn}n>i is bounded and since E' is a reflexive real Banach space, there exists 
a subsequence {Xn^ }m>i of {xn^,}k>l such that {x„^ }m>i converges weakly to 
some p* G -E. Without loss of generality, we may assume that nfe,„ is such that 
T„j. = Ti for some i G {1, 2, ..., r}, for all m > 1. It therefore follows from (j4.1ip 
that 

lim \\Xn^ - Ti+r--Ti+2Ti+lX„,^ II = 0. 



16 E. U. OFOEDU 



So, by Lemma [2?7l p* £ F{Ti+r---Ti+2Ti+i) = Vl. Thus, since E has weakly sequen- 
tial continuous generalized duality mapping, we have that 

limsup(u — XAx' ,jq{xn — x')) = lim (u — \Ax\jq{xn^ ~ x')) 

= \im (u- XAx',j„{xnk ~ x')) 

- ^u-AAa;',jg(p*-x'))<0 
(4.12) 
Thus, setting 

Qn = maxjo, (u - XAx',jg{xn - x')\ |, 
then it is easy to see that lim 0„ — 0. Furthermore, we obtain from the recursion 
formula (|4.1I) using Lemma [^TT] that 

||a;„+i-a;'ir < (l-a„+i(gr;A-d,(AL)''))||x„-a;'r 

-t-gan+i/w - XAx',jq{xn+i - x')) 

< (l - a„+i(g7,A - d,(AL)*)) ||.t„ - a^'f + S„ V ?i > 0, 

where ^„ = an+iqiq-qX - dq{XLY) q^x~X,lxL)i ' which is clear o(a„+i). Hence, by 
Lemma 12.21 {x„}„>i converges strongly to x' G J7 which is a unique solution of 
|). This completes the Proof. D 



Remark 4.2. We note that in the corresponding result of Xu [15], the assumption 

n = F(T,T,_i...ri) = F{TiTr-i...T2) = ... - F{Tr-i...T^Tr) 
was made. We now consider a situation where this condition is dispensed with. 

Example 4.3. Let E he a. strictly convex q-uniformly smooth real Banach space 
which admits weakly sequentially continuous generalized duality mapping, let A : 
E -^ E he an L-Lipschitzian strongly accretive mapping with a constant 77 > 0. 
Let Ti : E ^ E,i = 1,2, ...,r he a finite family of nonexpansive mappings such that 

n-.^ f] F{T,) ^ and S^ = {1 - uJi)I + uj^T,, i = 1,2, ..., r. Let m £ ^ be fixed and 

1=1 
let {xn}n>i be a sequence in E generated iteratively by 

(4.13) a;o £ E, x„+i == q:„+im + (/ - a„+iAA)5„+ia;„, n > 0, 

where 5„ = Snmodr and mod function takes values in {l,2,...,r}, then {a;„}„>o 
converges strongly to a solution of the variational inequality 



Proof. By Lemma [23 i^F{Si) = i^F{Ti) and i^F{S^) = F{SrSr-i-Si) = 

i—l i—1 i—1 

F{SiSr^i---S2) = ... = F{Sr-i--.SiSr)- The rest follows as in the proof of Theorem 
KT\ a 

Corollary 4.4. Let E be a q-uniformly smooth real Banach space which admits 
weakly sequentially continuous generalized duality mapping, let A : E ^ E be an 
L-Lipschitzian strongly accretive mapping with a constant 77 > 0. Let T : E -^ E, 
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be a nonexpansive mapping such that F{T) ^ 0. Let u ^ E be fixed and let {xn}n>i 
be a sequence in E generated iteratively by 

(4.14) a;o G E, a;„+i = a„+iw + (/ - an+iXA)Txn, n > 0, 

then {a;„}ri>o converges strongly to a unique x' G F{T) which is a solution of the 
variational inequality (I3.7p 

Proof. Follows as in the proof of Theorem 14. II using Theorem lS.SI □ 

Remark 4.5. We remark that corollaries synonymous to Corollaries 13. 7[ 13. 9[ 13.101 
and 13.111 are obtainable in this section. But we must note, however, that though 
Theorem 14.11 Corollary 14.31 and corollary 14.41 hold in the sequence space £'^ , they 
do not hold in L'^{M.) for 1 < g < +00, q j^ 2 since L'(]R), q ^ 2 do not possess 
weakly sequentially continuous duality mapping. 

Remark 4.6. The addition of bounded error terms to our recursion formulas leads 
to no further generalization. It is easy to see that if we replace u by Xu in both 
implicit and explicit iteration scheme studied in this paper, we obtain that our 
iteration schemes converge strongly to a unique solution x' G fl oi the variational 
inequality (u — Ax',jq{p — x')) < Vp G i7, where fl is the set of common fixed 
points of finite family of nonexpansive mappings. 

5. Applications 
Convergence Theorem for families of strictly pseudocontractive 

mappings. 

Let i^^ be a normed space. A mapping T : E ^f E is called k-strictly pseudocontrac- 
tive if and only if there exists a real constant fc > such that for all x,y G D{T) 
there exists j{x — y) G J{x — y) such that 

(5.1) {Tx - Ty,j{x - y)) < \\x - yf - k\\x -y-{Tx~ Ty)\\\ 

Without loss of generality we may assume that k G (0, 1). If / denotes the identity 
operator, then (j5.ip can be re-written as 

(5.2) ((/ - T)x -{I- T)y,j{x - y)) > k\\{I - T)x -{I- T)y)\\\ 

In Hilbert spaces, (|5.ip (or equivalently (15. 2p ) is equivalent to the inequality 

llTx-Tyf < \\x-y\\^ + P\\{I -T)x-{I -T)y\\^, where /3 = (1 - fc) < 1. 

It was shown in [3 3) that if T is fc-strictly pseudocontractive, then the following 
inequality holds 

(5.3) ((/ - T)x -{I- T)y,j,{x - y)) > k'^-'\\{I T)x -{I- T)y)r . 

Thus, if £' is a q-uniformly smooth real Banach space; and T : E' — >■ _E is a fc-strictly 
pseudocontractive mapping, then for the map Ta '■= (1 — a)I + aT) : E ^f E (where 
/ is the identity map of E and a > 0), we obtain by Lemma [2.51 using (|5.3p that: 

\\TaX-T,yr = \\x-y^a{{I~T)x-{I-T)y)r 

< \\x - y|r - qa{{I - T)x -{I- T)y,j,{x - y)) 
+d,ami~T)x-{I-T)yr 

< \\x - yll" - a(fc«-i(z - dga'^-')\\Ax ~ Aj/f, 
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where A ^ (/ — T) . If a is such that < a < ( ^-^ — J ' , we have that the mapping 

Ta is noncxpansive. It is also easy to see that the fixed point set of Ta and that of 
T coincide. 

Thus, we have the foUowing theorem 

Theorem 5.1. Let E be a q-uniformly smooth real Banach space which admits 
weakly sequential continuous generalized duality mapping, let A : E ^ E be an 
L-Lipschitzian strongly accretive mapping with a constant 77 > 0. Let Ti : E ^)- 
E,i ~ \, 2, ..., r be a finite family of k-striclty pseudocontractive mappings such that 

r 1 

n* := fl F{Ti) ^ 0. Let {aj^^i be such that < a^ < (^^) '"', i = 1, 2, ..., r 

and define Ta- = (1 — a^)/ + QiTi. Let u E E be fixed and {a;„}„>i be a sequence in 
E generated iteratively by 

(5.4) xo e E, x„+i = a„+iM + (/ - a„+iAA)Ta„+ia;„, n > 0, 

where Ta,^ — Ta,, „,od r '^^'^ mod function takes values in {l,2,...,r}. Suppose that 
n* = FiTaTa"^T-Ta,) = F{Ta,Ta^_, ...T^,) = ... = F(T,_, ...T„,T„ J, then, 
{xn}n>a converges strongly to a solution of the variational inequality 

(5.5) /u-xAx',jqip-x')\ <oypen*. 



Corollary 5.2. Let E be a strictly convex q-uniformly smooth real Banach space 
which admits weakly sequentially continuous generalized duality mapping, let A : 
E ^f E be an L-Lipschitzian strongly accretive mapping with a constant 77 > 0. Let 
Tj : _E — > _B, i = 1, 2, ..., r be a finite family of k-striclty pseudocontractive mappings 

such that f^ := n F{Ti) ^ 0. Let {aj^^^ be such that < a, < (^^^) '^'^i = 

1, 2, ...,r and define Ta^ — (1 — ai)I + aiTi and Sa^ = (1 — LOi)L + ujiTai,i = 1, 2, ..., r. 
Let u ^ E be fixed and let {a;„}„>i be a sequence in E generated iteratively by 

(5.6) Xo e E, Xn+l = an+lU + (/ - an+lXA)Sa„ + -,Xn, n>0, 

where Sa„ = Sn mod r o,nd mod function takes values in {1,2, ...,r}. Then, {x'„}n>o 
converges strongly to a solution of the variational inequality (|5.5p . 

Corollary 5.3. Let E be a q-uniformly smooth real Banach space which admits 
weakly sequentially continuous generalized duality mapping, let A : E ^ E be an 
L-Lipschitzian strongly accretive mapping with a constant r] > 0. Let T : E ^ E, 
be a k-striclty pseudocontractive mapping such that F{T) ^ 0. Let be such that 

< a < I ^—5 — ) and define Tq = (1 — a)L + aT. Let u E E be fixed and let 

{2;n}n>i &e a sequence in E generated iteratively by 

(5.7) Xq e E, X„+i = ttn+lU + (/ - an+l\A)TaXn, " > 0, 

then, {a;„}„>o converges strongly to a unique x' £ F{T) which is a solution of the 
variational inequality p.7p 
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Remark 5.4. Prototype for our iteratfon parameter {an}n>i (see e.g. [48]) is given 

by 

—1= ifnis odd, 

r- , if n\s even. 

If we assume that r is odd, since the case r being even is similar, it is not difhcult 
to see that 

if n is odd, 



^n+r 




Remark 5.5. It is easy to see that Corollarv l4.3l is an obvious improvement on the 
corresponding results of Xu [48] in the sense that the condition 

n = F{TrTr-l...Ti) - F{TiTr-l...T2) = ... = F{Tr-l...TiTr) 

which was imposed by Xu is dispensed with. 

Remark 5.6. When E ^ H, a Hilbert space, A = 1 and A is a bounded lin- 
ear strongly positive operator, our iteration process (|4.ip reduces to the iteration 
scheme studied by Xu [48]. If the fixed vector u € E is identically equal to the 
zero vector oi H, A a strongly monotone operator and we consider a single nonex- 
pansive mapping, ()4.ip reduces to the scheme studied by Yamada [50]. We recall 
that the results of Xu [48] and Yamada [50] remain in Hilbert spaces. Our theo- 
rems, therefore, extend, generalize, improve and unify the corresponding results of 
these authors and that of a host of other authors in the more general setting of 
g-uniformly real Banach spaces and for the more general class of strongly accretive 
mappings. Our corollaries, applications and method of proof arc of independent 
interest. 
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